In this paper, we study a set-up in which quantum dot is tunnel-coupled to MajoranaKramers pair(MKP) which are the edge modes of time reversal invariant topological superconductor(TRITOPS), which is an experimental realization time reversal invariant Kitaev chain model.
INTRODUCTION
Majorana fermions(Majorana zero modes) have recently attracted a lot of attention in condensed matter physics community due to their special topological properties which make them a promising candidate for quantum computing. Majorana fermions make topological qubits which can store the information non-locally and hence are immune to local perturbations. Their topological protection comes from Z 2 parity symmetry. Majorana fermions are Ising anyons and obey non-abelian statistics. Though it was known that Majorana fermions exist in topological superconductors [1] [2] but after Kitaev [3] introduced a simple Hamiltonian and it was realized that it could be experimentally realized [4] , it gave a boost to the research on Majorana fermions. So the search for Majorana fermions in solid state systems started. Since as of now there is no conclusive evidence for the topological superconductivity in nature, it was realized that we could engineer systems which harbour Majorana fermions. The recent successes in the detection and control of the Majorana fermions [5] [6] [7] have created a lot of hope about Majorana fermion based quantum computing [8] . However, the experimental detection of Majorana fermions is based on spectroscopic signatures, and there are physical effects which contribute to the zero-bias spectral peaks including Kondo impurities and disorder. So the search for unambiguous signatures of Majorana fermions is still on. In [11] it was proposed that Kondo effect can be used for the detection of Majorana fermions. Kondo effect is known to have a high level of experimental tunability in quantum dots. So quantum dot systems offer a very feasible and controllable way for the detection of Majorana fermions.There are other reasons also to consider a setup where Majorana fermions are coupled to quantum dots. It was shown in [9] [10] that Majorana fermions tunnel-coupled to conduction leads do not preserve the information in qubit and also parity time of Majorana fermions can not be determined in those experiments. They proposed an experimental setup in which Majorana fermions are coupled to quantum dot which can be coupled to normal lead(s) as well. To explore the signatures of Majorana fermions in Kondo effect and hence the interplay between Majorana fermions and Kondo effect, there have been recent theoretical studies [11] [12] [13] [14] . In [11] poor man's scaling was applied to study the stability of Kondo effect. Though they find that Majorana fermions have a drastic effect on Kondo effect, they have got the same scaling equations as for the standard Kondo model. In [12] based on numerical renormalization group(NRG) calculations, it has been found that there is Majorana fermion induced Zeeman field which shifts the spectral function of one species of fermions and also there is the contribution of Majorana fermions to differential conductance. In [14] similar results have been obtained using recursive Greens function method. However, none of these studies has found a new fixed point arising due to the Majorana fermions. In [13] based on perturbative renormalization, slave boson mean field theory and density matrix renormalization group calculations, the authors have come to the conclusion that in the strong Majorana-Dot coupling regime, physics of the system is governed by a new fixed point rather than Kondo fixed point. The signatures of the new fixed point can be found in spin susceptibility, and they find that, quite unlike Kondo fixed point, spin susceptibility is dependent on gate-voltage(particle-hole asymmetry). Though the interplay between Majorana fermions and Kondo effect has been well studied now and essential aspects of the ensuing physics are well-understod, the similar studies of the time reveresal symmetric version of Majorana fermions called Majorana-Kramers pair are still lacking. In [16] , based on perturbative renormalization method and slave boson mean field theory, authors have concluded that in the regime of the strong coupling to MKP, Kondo fixed point becomes unstable and low energy physics is governed by Andreev fixed point.
In this paper, we have employed flow equation renormalization method to confirm this new fixed point. Flow equation method has recently been extensively applied to study Kondo models both in equilibrium and in non-equilibrium [17] . Flow equation method is one of the few renormalization methods which captures analytically,the full cross-over from weak cou- The rest of this paper is organized in following way. First, we consider the Hamiltonian for the system in which a quantum dot is coupled to a normal lead on one side and is sidecoupled to TRITOPS. In the long chain limit, there is only one Majorana-Kramers pair in the topological superconductor. We calculate the effective Hamiltonian, Majorana-Kondo model, which has both Kondo interaction and terms arising from the coupling to Majorana fermion. To find the stability of Kondo fixed point in the presence of Majorana fermions, we calculate the flow equations for the couplings constants of the Majorana-Kramers-Kondo model. We solve the flow equations numerically. Then we calculate the flow equations of Kondo spin observable and solving the flow equations numerically, we calculate dynamic spin susceptibility, and we find clear signatures of MKP in this key observable quantity. Once again we explore both the cases, with particle-hole symmetry being present and absent.
Finally, we summarize our conclusions and discuss the interplay between Majorana fermions and Kondo effect and hence point to the unambiguous ways for the detection of MajoranaKramers pair.
HAMILTONIAN FOR NORMAL LEAD-QUANTUM DOT-TRITOPS SYSTEM
We consider a set-up in which a quantum dot is connected to a topological superconductor on one side and to a normal lead on another side. Topological superconductor is an experimental realization of Kitaev chain model and hence has two Majorana fermions on the edges of the chain. We work in the long chain limit and couple only one of the Majorana fermions to the quantum dot. The Hamiltonian for this system is:
The first four terms constitute the Anderson impurity model for quantum dot connected to a normal lead. The last term represents the coupling of Majorana Kramers pair(MKP) with quantum dot electron, λ being the coupling strength. We have taken general coupling, but later on, we will see that Majorana fermion gets coupled to only one species of electrons.
Due to the time reversal symmetry(TRS), t ↑ = t ↓ = t and λ ↑ = −λ ↓ = λ where t and λ are taken to be real. Like Anderson impurity model, our Hamiltonian has many parameter regimes but to study the interplay between Majorana fermions and Kondo effect; we need to project our Hamiltonian into its Kondo regime. We will use the projection operator method to calculate the effective Hamiltonian in the Kondo regime of our model. Effective Hamiltonian in singly occupied space is given by
To get the effective Hamiltonian we need to calculate the projected Hamiltonian terms H 12 and H 10 . Since there are only two tunneling terms so only these will contribute to off-diagonal part of the effective Hamiltonian.
To calculate the effective Hamiltonian, we need to evaluate following two terms.
Using the Abrikosov's fermion representation of spin operators, we can write the effective
Hamiltonian as(also calculated in[12] [13] ):
where
The effective Hamiltonian that we have obtained has terms arising from the Quantum Unlike the Majorana-Kondo model, where the particle-hole asymmetry is a relevant perturbation, in MKKM, the corresponding term is present both at particle-hole symmetry and away from it.
FLOW EQUATIONS FOR MAJORANA-KRAMERS-KONDO MODEL
In this section, we will apply the flow equation renormalization group method to Majorana-Kramers-Kondo model. We will calculate the flow equations for the parameters of the model. In the case of Majorana-Kramers-Kondo model, our interest is to explore the interplay between the Kondo effect and Majorana-Kramers pair, so we will find out what happens to Kondo divergence(scale) in the presence of MKP. We will increase the QD-TSC coupling λ and find out whether Kondo effect survives in the strong λ regime. To calculate the flow equation for our model, we first need to calculate the generator. Generator for the flow equations for Majorana-Kramers Kondo model is given below:
In equation For spin-up Kondo coupling, the flow equation is
Similarly for spin down Kondo Coupling, flow equation is
Flow equation for transverse Kondo coupling is
The flow equation for J 0 coupling constant is:
Flow equation for Andreev scattering term is
Flow equation for Majorana coupling J 2 is:
Flow equation for Majorana coupling J 3 is:
Numerical Solution of Flow Equations
Flow equations need to be solved numerically because they are non-linear coupled differential equations and analytical solution can be obtained only in some special limits like infrared limit where momentum dependence of coupling constants can be dropped off. In J2, the flow of the J1 and J2 coupling constants has been plotted. As we can see that they grow very rapidly and show the logarithmic divergence. Similar behaviour is shown by J0 coupling constant as can been seen from the left panel of Figure 2 . We can clearlu see that these Majorana induced coupling constants grow very fast as compared to the Kondo coupling constant, as shown in Figure 2 (right panel). We can conclude that in this regime of the model, there is no Kondo divergence and it is the Majorana couplings which are relavtn for the low energy physics. This signifies that there may be a new fixed point which governes the low energy physics of the model as has been proposed by [16] . It also needs to be noted that though there is no Kondo divergence, but all the curves of the Kondo couplings collapse on the same curve as shown in Figure 1 (right panel) and hence there is not strong renormalization of the Kondo coupling constant in this regime of the model. invariant. There are other sum rules also which can be used to check the consistency of the operator product expansion. There are physical plausibility arguments as well which can be used to make sense of these operator product expansions. In the case of Kondo model, it is known that as renormalization flow proceeds to strong coupling fixed point, the magnetic moment of Kondo impurity gets quenched. This physical process has an algebraic mapping in flow equation method as shown below. Using the transformed observables, we can calculate correlation and response functions for a given Hamiltonian.
In this section, we will calculate flow equations for the Kondo impurity spin and upon solving the flow equations, obtain the dynamic spin susceptibility for the Majorana-KramersKondo model. This quantity will give us access to the signatures of Majorana-Kramers pair which can be detected easily in an experiment. Hence dynamic spin susceptibility is a very Flow equation for γ co-efficient is:
Flow equation for ζ co-efficient is:
Flow equation for η co-efficient is:
Numerical solution
In this section we will solve the flow equations for the spin operator and calculate the dynamic spin susceptibility. For the Majorana-Kramers-Kondo model, spin-spin correlation function is given by
This correlation is related to dynamical spin susceptibility via fluctuation-dissipation theorm [17] . The tilde sign denotes that γ co-efficient is in the limit l → ∞. plotted dynamic spin susceptibility on frequency axis in Figure 3 . In left panel, we see the effect of increasing J 2 Majorana coupling. As we increase J 2 , spin susceptibility decreases because of the competition from MKP induced couplings which coupled spin to the parity of the MKP. In presence of time reversal symmetry, there is an additional pairing which couples S y of the dot electron spin to the S y m constituted by Majorana-Kramers pair and due to its transverse nature, it also gives competition to the Kondo effect and hence leads to the decrease in spin susceptibility.
In the right panel of Figure 3 we see the effect of increasing Kondo coupling constant on the spin susceptibility and we can clearly see spin susceptibility gets enhanced as we increase Kondo coupling constant. This should be contrasted with the effect seen on left panel of Figure 3 where we find that spin susceptibility decreases with increasing values of J2.
CONCLUSION
In this paper, we have done a detailed study of the interplay between Majorana-Kramers pair and Kondo effect considering an experimental set-up in which a quantum dot is coupled to a normal lead on one side and tunnel-coupled to a TRITOPS, which itself is an experimental realization of time reversal invariant Kitaev p-wave chain model. Our motivation comes from the recent surge in the research on Majorana fermions( and MKPs) as being the promising candidates for topological quantum computing. Hence searching for umambiguous ways of their detection has assumed utmost importance. Kondo effect in quantum dots offers a lot of tunability and hence very feasible way to detect Majorana fermions. However, to single out the signatures of Majorana fermions in Kondo physics, needs careful and detailed study. There are questions which need to be addressed to have conclusive evidence for the signatures of Majorana fermions. Firstly Kondo effect is associated with the strong coupling fixed point of Anderson impurity model and is very stable to perturbations and hence to show that Majorana fermions make Kondo fixed point unstable and lead to new fixed point, one has to take recourse to methods which can be relied upon in the strong coupling regime of the model. In our work, we have employed flow equation method which has already been applied to Kondo model to study its strong coupling physics both in equilibrium and non-equilibrium. Based on this method we did the renormalization group study of the Majorana-Kramers-Kondo model which is the effective Hamiltonian in the strong coupling regime of the Hamiltonian for NL-QD-TRITOPS system. We calculated the flow equations for the coupling constants of the MKKM, and after solving them numerically, we clearly found how MKP induced terms, cut off Kondo divergence. We find that MKP induced coupling constants grow faster as compared to the Kondo coupling constant and hence they are more relevant for the low energy physics. Our calculations suggest that there may be a new fixed point determined by MKP induced coupling constants.
Dynamic spin susceptibility is an experimentally accessible quantity. We find clear signatures of MKP in this quantity and we propose these signatures can be feasibly found in experiments on quantum dots. Our studies have confirmed and consolidated the interplay between MKP and Kondo effect and hence showed that Kondo effect in quantum dots provides an experimentally feasible and unambiguous way for the detection of MajoranaKramers pair.
